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Abstract. Recall that the Springer correspondence relates representations of 
the Weyl group to perverse sheaves on the nilpotent cone. We explain how 
to extend this to an equivalence between the triangulated category generated 
by the Springer perverse sheaf and the derived category of differential graded 
modules over a dg-ring related to the Weyl group. 



1. Introduction 

An important problem in geometric representation theory is describing the (equi- 
variant) derived category of sheaves on a variety attached to an algebraic group. For 
instance, this has been done by Bernstein and Lunts in \9[ for pt, by Lunts in |15j 
for projective and affine toric varieties, by Arkhipov, Bezrukavnikov, and Ginzburg 
in ^ for the afRne Grassmannian, and by Schniirer in |19j for flag varieties. 

We consider this problem for the nilpotent cone A/" of a connected reductive 
algebraic group G. In particular, we focus on Dc.Sprl-^) — triangulated sub- 
category of Dq ci-^) generated by the simple summands of the Springer perverse 
sheaf A. It is in this setting that we prove Theorem 17.91 there is an equivalence of 
triangulated categories 

(1-1) DG,Spr(AA) = -Df^mWWR'am. 

Here Vf^{Q^[W]^}i*Q{£§)) is the derived category of finitely generated differential 
graded (dg) modules over the smash product algebra Qf[ W]#IIq(^) with W, the 
Weyl group of G and Hq(^), the G-equivariant cohomology of the flag variety. 
This theorem can be viewed as a derived version of the Springer correspondence. 
Along the way, we prove the following "mixed version" of the above (see Theorem 
16. 3p : an equivalence of triangulated categories 

K^T'urec AAo) - Db(gModQ,[IF]#H*G(^)) 

relating a category built out of mixed sheaves K^{VuTeaJVo) and the derived cat- 
egory of graded modules over Hq(^). We also prove the obvious non- 
equi variant analogue, i.e. an equivalence 

K^(7'ureA/-o) = D^,,(gModQ,[iy]#H*(^)) . 

There are two key components to the proof of (jl.ip : formality and Koszulity. 
A dg-ring TZ is called formal if it is quasi-isomorphic to its cohomology H*(7^). 
The role of formality in derived equivalences such as (jl.ll) is well established, but 
in our case, the construction of the dg-ring and functor is less straightforward 
than the analogue for the flag variety. Roughly, the machinery of quasi-hereditary 
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categories does not apply, so new techniques are required. Instead, we exploit a 
non-standard i-structure on the triangulated category K'^('PureG A/q) that arises 
via Koszul duality. 

One might also expect a non-equivariant version of (jl.ip . Unfortunately, the ring 
Qe[W]^}i* is not Koszul, so the methods of the present paper do not yield that 
result. 

Organization of the paper. Let Xq be a variety over ¥q. We introduce a cat- 
egory 'Pure^(Xo) C DJ^(Xo) of weight zero objects in Section [2] and construct a 
realization functor K^{VmeyXo) D^^{Xo) in Section[3l In Section HI we prove 
that K'^(7'ure^Xo) is a mixed version of its analogue over Fg. In Section [SJ we in- 
troduce notation related to AA and prove Frobenius invariance of certain Ext groups 
for objects related to the Springer sheaf A (see Lemmas 15.31 and 15. 4p . We prove a 
"mixed version" of the Springer correspondence (see Theorem l6.3p in Section[6l and 
in Section [71 we prove a "derived version" of the Springer correspondence (Theorem 
17. 9p . In the appendix, we prove our functor for the equivalence in Theorem 17.91 is 
triangulated. 

Acknowledgments. This article contains the main results of my thesis written 
at Louisiana State University. I am very grateful to my advisor Pramod Achar for 
his advice concerning this problem and for his adamant insistence on correct dash 
usage. Without his guidance, this work would not be possible. I would also like to 
thank Simon Riche and Anthony Henderson for a number of useful comments and 
suggestions. 

2. Basics on mixed sheaves and purity 

We fix a finite field ¥g and a prime number £ different from the characteristic of 
¥q. Let Xq be a variety defined over F,. We study the (bounded) ^-adic derived cat- 
egory consisting of mixed complexes of sheaves constructible with respect to some 
fixed stratification of Xq. This category, denoted Dj^(Ao), is studied extensively in 
[51 [121 [71 [5] and others. Note that in Section [H we will use a different meaning for 
the word mixed ([71 Section 4]). While D|^(Xo) shares some characteristics of that 
definition (i.e. the notion of weights and purity for objects), it is not mixed in the 
sense of [7|. 

If we have a sheaf, complex of sheaves, or a perverse sheaf e D|^(Ao), 
it will often be useful to extend scalars to get an object ^ in D^{X), where 
X := Xq XspocF, Spec(Fg). Let Fr : X ^ X he the Frobenius map. Note that 
after extending scalars, ^ is endowed with additional structure: an isomorphism 
Fr*{^) = ^. Let a : Xq ^ Spec(F,) be the structure map. For and % in 
D;^(Xo), we let Hom '(^n,^n) = R'^a^R'Hom{,^o,%). This is a vector space with 
an action of Frobenius. Forgetting that action yields HomDb(x) (=^, ^^[i]). 

Recall, from 6, 5.1.2.5], that for jFq and in D|^(Ao), we have a short exact se- 
quence relating morphisms in D]^(Ao) to the Frobenius coinvariants and invariants 
(i.e. the cokernel and kernel of the map Fr — Id) of the morphisms in D|?(A). 

(2.1) ^ IIom'-i(^,^)Frob ^ Hom'(^o,%) ^HomX^,^)^"'' ^ 

Remark 2.1. The Frobenius invariants Hom '(^, c^-jFrob j^jg^.^; jj^^g the weight 
part of IIom '(^, J#) and the Frobenius coinvariants Hom ^^, ^)Frob are a quotient 
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of the weight part. Thus, Hom*(^, ^)^™'^ and Horn' ^) Rob vanish when 
Hom ^ft^, ^) is pure of non-zero weight. 

Fix a square-root of the Tate sheaf. Note that Tate twist affects the weights of 
an object in the foUowing way: for e DJJ^(Xo), the weights of ^o(~5) equals 
the weights of J?o plus i. 

Pure of weight zero. Let .5^ be a (finite up to isomorphism) collection of simple 
perverse sheaves that have weight 0. Then for any i G Z and S G , S'[2i](i) is also 
pure of weight 0. Define 'Pme_y{Xo) as a full subcategory of Dj^(Xo) containing 
objects that are finite direct sums of such objects, i.e. if M G 7'ure^(Xo), then 
there exist Si, ... , Sn G ^ (possibly repeating) and integers ii, . . . ,iN such that 
M = Si[2ii]{ii) © . . . ® S'Ar[2ijv](?v)- We define the length of such an object to be 
the number of terms in the direct sum. 

Remark 2.2. We could have also defined 7'ure^(Xo) to be closed under integral 
shift-twist. The results in this section (appropriately modified), the construction of 
the realization functor in Section |31 and the mixed results from Section 2] still hold 
with this modification. However, the second i-structure as discussed in Section [4.21 
need not exist. 

Definition 2.3. If Hom(5, S' [2n]{n)f'°^ ^ Egm{S, S'[2n]{n)) and Hom ^"+V5', S') 
vanishes for all S,S' £ and n G Z, we call 7'ure^(Xo) Frobenius invariant. If 
■Purej^(Xo) is Frobenius invariant, then it is easy to see that for all simple perverse 
sheaves S, S' G ,y, we have that Hom ^"(5', S') is pure of weight 2n. 

Lemma 2.4. If Vtire^ (Xq) is Frobenius invariant, then for all objects M,N in 
7'ure^(Xo), we have that Hom(Af , N[n\)~ for all integers n with n ^ 0,1. 

Proof. Note that M is pure of weight and N[n] is pure of weight n. For n > 1, 
the result follows from properties of mixed perverse sheaves (BJ Proposition 5.1.15]. 
Assume that M and TV have length 1 and n < 0. Then M = S[2i]{i) and N = 
S'[2j]{j) for integers i and j with S, S' G S^. Of course, 

Rom{S[2i]{i),S'[2j]{j)[n]) = Rom{S[2i ~ 2j]{t~j),S'[n]). 

Thus, it suffices to consider the case with M = S'[2i](i) and N = S'. 

Note that Definition (53] implies that Hom -^ (M, N[n]) is pure of weight n+j since 

RomUM.Nln]) ^ llomUS\2i](i). S'M) ^ HomJ~^'+"(5', S'){-i). 

In particular, for j = 0,-1, Horn-' (M, iV[n]) is pure of non-zero weight. This implies 
that Eom{M,N[n\f'°'° and Hom ~VM. iV[n1)F.oh are both zero (see Remark 12. II) . 
Thus, by the short exact sequence (|2.1[) . we have that ilom{M, N[n]) = 0. 

For objects M and N in 7^ure^(Xo) of lengths greater than 1, the claim follows 
since Hom commutes with finite direct sums. □ 

The following lemmas are preparation for Section |4] when we prove that a certain 
category K'^(PureA/'o) (or more generally K'^(7'ure^Xo)) is a mixed version of 
D^p^,(AA) (or D^(X)). 

Lemma 2.5. If Vmej^{Xo) is Frobenius invariant, then Hom{M,N) is pure of 
weight i for i even and vanishes for i odd for all M, N G Pure^(Xo). 

Proof. By Definition 12. 3[ the result follows for M and N in Vme^{Xo) of length 1. 
For arbitrary objects, the claim follows since Hom commutes with finite sums. □ 
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Corollary 2.6. For all M, N e Pure,y{Xo), we have Hom(M, N) = Hom(M, Nf'" 
if Vurej^ (Xq) is Frobenius invariant. 

Proof. Let M,N G Purej^(Xo). Then Hom"^(M,iV) vanishes by Lemma [231 
Thus, the Frobenius coinvariants Hom "''^ (M, N)prnh are also trivial Hence, by the 
short exact sequence we see that Hom(M, N) = Hom(Af, N)^'°^. □ 

Lemma 2.7. Suppose that Vnre ^{Xq) is Frobenius invariant. Then Hom(Af , N) = 
Hom(Af, Nf'""" ^ Hom(M, N) for all M, N G Vnies^iXo). 

Proof. The claim holds for objects of length 1 by the definition of Frobenius invari- 
ant and CoroUarv 12.61 The general case holds since Hom and Hom commute with 
finite direct sums. □ 



3. A Realization Functor 

In this section, we construct a triangulated functor from K'^('Pure^Xo) to Dj^(Xo) 
assuming that Vmey{Xo) is Frobenius invariant. Our method is based on Beilin- 
son's construction of a realization functor in [5]. However applying this technique 
in a setting without a i-structure is due to an idea of Achar and Kitchen. We briefly 
review the definition of a filtered triangulated category and some of its important 
properties. Note that we consider increasing filtrations, while Beilinson considers 
decreasing filtrations. 

Definition 3.1. We say that a triangulated category V is filtered if it has a collec- 
tion of pairs of strictly full triangulated subcategories {F-^^V, F-'^TTjn^z satisfying 
the following properties: 

(1) If M e F^-^V and N G then Hom(M, N) = 0. 

(2) We have C F^"+^V and D F^^+^V. 

(3) For any Z G I? and n G Z, there is a distinguished triangle A ^ Z ^ B ^ 
with A G F^"-i2? and B G F^'^V. 

(4) The fihration is bounded, i.e. [j^^^ F^"V = U„ez F^"'^ = T^- 

(5) We have a shift of filtration {s,a). Here s : 2? — > 2? is an autoequivalence 
so that s(i^^"2?) = i^<"+iX> and s{F^'^V) = F^'^+^V and a is a natural 
transformation s — > idp with a a/ = s(q!s-im)- 

(6) For all M G F-^V and N G F-^T), the natural tranformation a induces 
isomorphisms 

(3.1) Hom(Af , N) ^ Hom(Af, sN) lloxn{s-^M, N). 

The inclusion functor T> admits a right adjoint denoted w<n ■ P' 

F^^P. Similarly, F^^-P P admits a left adjoint denoted w>„ : P >^="2?. It 
is shown in [5l Proposition A. 3] that for each n G Z the distinguished triangle in 
(3) is canonically isomorphic to 

(3.2) W<n-lZ — > Z — > w>nZ — > . 

Let I?" = n F-"P. The compositions w<nW>n and iy>„w<„ are naturally 

equivalent, and we denote them by gr„ : P — )■ 2?". For an object Af in D, we define 
the filtered support of M to be the smallest interval [to, n ] satisfying Af G i^~"2? n 
in other words, to = max{i | Af G F-'f?} and n = min{i [ Af G F-'P}. 
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Lemma 3.2. Let M be an object in T) . The morphism asM '■ sM M induced by 
the natural transformation a defined above has the property that gi ^{asM) = for 
all i ^"L. 

Proof. We prove the lemma by induction on the length of filtered support of M . If 
M = gr„ M for some n, the claim follows immediately since gr„ sM — s gr„_]^ M — 
0. To prove the general case, let M have filtered support [m, n] and consider the 
morphism of distinguished triangles induced by a: 

W<n-ISM > sM » W>nM > W<n-lsM[l\ 



W<n-lM > M > W>nM > W<„_iM[l] 



Note that the filtered support of w<„_iM and w>nM has strictly shorter length 
than that of M. The functor gr^ is triangulated (pi Proposition 2.3]); thus, we 
have an induced morphism of distinguished triangles: 



gr^ w<n-isM 



i 

grjU;<„_iM - 



gr^ sM 

i 

> gr, M - 





i 

gr. w>nM - 



ITi W<n-1SM[1] 



ir, w<„_iM[l] 



Hi < rt — 1, then gT^w>nsM — gi^w>nM — 0, so the maps gT^w<n~isAl 
grj sM and gr.j w<n-iM — > gr^ M are isomorphisms. Commutativity of the above 
squares implies that gr, asM = 0. Similar arguments prove the cases i > n + I and 
i = n. □ 

We say that a filtered category I? is a filtered version of a triangulated category 
V if there is an equivalence I? — s> of triangulated categories. Beilinson proves 
in |5j the existence of a unique functor (up to unique isomorphism) a; : 2? — > 2? 
satisfying the following conditions: 

(1) a;|^>oj5 is left adjoint to the inclusion functor V — > F-'^V, 

(2) a;|^<o^ is right adjoint to V ^ F'^°V, 

(3) and w(aM) '■ i^{sM) — >■ u)[M) is an isomorphism. 

We may think of oj as the functor that forgets the filtration. For M e F-^T) and 
N e w induces an isomorphism 

(3.3) Hom^(M,A^) ~ Homc(w(Af ), w(iV)). 

From now on, denote by P a filtered version of Dj^j(Xo). Let A be the full subcat- 
egory of V consisting of objects M with the property that gr^ M E ,s* 'Purc^y{Xo)[i] 
for all i € Z. 

Remark 3.3. If w<nM and w>„+iM are both in A for some n eTL, then M E A. 
Also M e A implies that sM[l] € A. Thus, if / : M -J> TV is a morphism in A, 
then the cone of the composition 

sM ^ M ^ N 
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is also in A since Leinma l3^ iinplies the graded pieces are given by gr„ cone{foa) = 
gr„ sM[l]®gT^N. 

Here is an outline of the construction of the realization functor: first, we show 
A is equivalent to G^{Pme_y Xq) via the functor /? (to be defined in p.41) '). The 
composition ojof]^^ gives a functor from C^('Pure^ Xq) to Dj^(Xo). Next, we show 
that this functor takes null-homotopic maps to . Thus, w o 13^^ factors through 
K^iVurcj^Xo). 

CiVnve^ X^) ^^^^^—^V^-^ Dj^,(Xo) 
K'^(Pure,r^o) 

Lemma 3.4. Let M and N be objects in A. Then Hom(gr„ A4,w<n-iN) — for 
all n G Ij 

Proof. This is a direct consequence of Lemma 12.41 □ 

Our situation differs from Beilinson's in that neither 7^ure^(Xo) nor A is the 
heart of a i-structurc. In particular, we need the following lemma. 

Lemma 3.5. Let f : M ^ N be a morphism in A. Then f = if and only if 
gr^ / = for all i E Z. 

Proof. First we show that z«<„_i/ = implies that w^nf — 0. Consider the 
following morphism of distinguished triangles: 

w<n-iM w<rM gr„ M u;<„_iAf [1] 

I I 

U'<n-l/ = W<nf gr„ / = 

w<n-iN w<^N gr„ N u.<„_iiV[l] 

Since the squares commute, we see that v'w<nf = 0. Thus, there is a morphism 
s in Hom(w;<„M, w<„_iA^) so that u's — w<nf. Similarly, since w<„/w = 0, 
there exists t in Hom(gr„ M, w<nN) so that tv — w<nf. This gives a morphism of 
distinguished triangles. 

w<n-iM — - — > w<nM — - — > gr„ M > w<„_iM[l] 

i i 1 

gr„ iV[-l] w<n-iN w<nN > gr„ N 

Now, we have that h ~ and h[l] — since Hom(ti;<„_iM, gr„ [— 1]) = by 
property (1) of the filtered derived category. Thus, we see that v't — 0. Next, we 
apply the functor Hom(gr„ M, — ) to the bottom distinguished triangle to get the 
exact sequence 

Hom(gr„ M, w<n-iN) Hom(gr„ M, w<nN) Hom(gr„ M, gr„ N). 
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We have that v't = 0; thus, t G Ker v' = Im m'. However, Lemma [331 imphes that 
Hom(gr„ M,w<n-iN) — 0. Thus, t — and hence, w<nf = 0. 

Let m = max{i | M e F-^V} and n = min{i | M e F-'V}. We proceed by 
induction on the length of the interval [m,n]. li m — n, then M ~ gr„ M . In this 
case, / = gr„ / = by hypothesis. If to < n, then w<mf = g^m / = 0- The above 
argument and induction implies that w^nf — 0, but w<nf ~ f ■ D 

Now we define the functor 
(3.4) (3:A^&{Vnre^Xo). 

Let M be an object in A. Let P{M) be the chain complex M* with M* = 
w(gr_jM)[i] = gro(s'M)[«] and differential 5' : ^ M*+^ given by the third 
morphism in the functorial distinguished triangle 

w(gr_,_i M)\i] w(w>_j_iw<_jM)[i] ^ w(gr_, A/)[i] ^ w(gr_,_i M)[i + I]. 

Lemma 3.6. The functor l3 takes M to a chain complex M' with differential d. 

Proof. It is sufficient to show that the composition (5'+^ o (5' = 0. Consider the 
following commutative diagrams. 





w>-i-2W<^i^iM — > ui>_i_iK;<_iM w>-i-2W<-i-iM — > iu>_i_iw<_iM 



Let N be the cone of the morphism w>-i-2'w<.-i-iM w>-i-iw<-iM . The 
octahedral axiom applied to each diagram yields two distinguished triangles 

gr_,_2 ^^[1] -^N^ gr_, M A gr_,_2 M[2], 
gr_, M^N^ gr_,_2 ^^[1] ^ gT-, M[l]. 
Note that the second triangle splits since Hom(gr_j_2 -^^7 S^-i ^) = 0- This implies 
that the first triangle must split as well, so g = 0. Thus, our composition ij^+^oj' = 
since 5^^^ o 5"^ — ijj{q)[i]. □ 

Proposition 3.7. Let A be defined as above, and assume that 7'ure^(Xo) is Frobe- 
nius invariant. 

(1) The functor j3 : A C'^(7'ure^ Xq) is an equivalence of additive categories. 

(2) The composition loo /3~^ : C^('Pure^Xo) — Dj^j(Xo) factors through the 
category i&{VuYCy'XQ) and induces a functor f3 : K^{'PmcyXQ) — > D]^(Xo) 
such that the restriction 

K\VuTe,^Xo) : Pure^(Xo) ^ D|J,(Xo) 

is isomorphic to the inclusion functor. 

Proof. To show the equivalence, we must show that (3 is full, faithful, and essentially 
surjective. Lemma 13.51 implies that /3 is faithful. We prove fullness by induction on 
filtered support. Let M and N be objects in A. First, we assume that M, N £ 
for some n G Z. Then I3{M) and f3{N) are chain complexes concentrated in degree 
—n and it follows from the isomorphism (j3.3|) that we have an isomorphism 

Rom^iM, N) ~ Homcb(p„,e^ Xo)(/3(M), /3(iV)). 
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Now suppose that M, N e p>'^D n F-V. We eonsider the truncations given by 

Af'=W<„_lM, M"^W>nM, N'^W<n-lN, N"^W>nN. 

Let q : /3(M")[— 1] l3{M') be the chain map induced by the differential S^" : 
P{M)-" /3(M)-"+i. We wiU need to make use of a hft g of g to ^. Note 
that = /3(s-^M"[-l]). Let g : s-^M"[-l] M' be the natural map 

obtained by applying the isomorphism (I3.ip to the first map of the distinguished 
triangle M"[-l] M' M M". It is easy to see that ^(g) = q. 

Let / G Homcb(i,,re.^Xo)(/3(M),/3(iV)), and let /' : /?(M') ^ /3(7V') and /" : 
P{M") f3{N") be the induced chain maps. The diagram 



/?(M")[-1] 



/"[-I] 



/3(7V")[-1] 



/3(M') 



/3(7V') 



commutes since / is a chain map. By induction, there are morphisms /' : M' N' 
and /" : s-'^M"[-l] -> s-'^N"[-l] such that ^{f) = /' and /?(/") = /"[-I]. 
Consider the diagram 

-1] s-iM"[-l] M' 

sf" f" f' 

-1] s-iiV"[-l] N' 



M' 



N" 



Since a is a natural transformation, we see that the left-hand square commutes. 
The right-hand square commutes because /3 is faithful. Thus, the outer square 
commutes as well, so we may complete it to a morphism of distinguished triangles 



M" 

sf" 

N" 



M' 



N' 



M 



N 



M" 



N" 



We have ^(/) = /, so /3 is full. 

A similar argument proves that /3 is essentially surjective. It is easy to see that 
any chain complex concentrated in a single degree is in the image of /3. Now, if 
M* e C^{V'w:e,y Xq) such that = except when — n < i < — m, then the 
differential 5^^ induces a chain map q : Af"[— 1] — ^ A/', where M" is concentrated 
in degree —n and M' vanishes except in degrees —n -I- 1, ... , — m. By induction, we 
have objects M",M' G ^ so that P{M") = M" and /3(M') = M' . Since P is fully 
faithful, we have a morphism q : M" M' with (3{q) — q. Let M be the cone of 
the morphism q o a : sM" -)> M' . Then (3{M) = M. 

Now, we consider part (2). Let / : M* — > N* be a morphism in C'^(7'ure^ Xq), 
corresponding via /3 to / : A/ — > N. Let Z' denote the cone of /, and let Z denote 
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the cone of the composition 

sM Un. 

Note that Z ^ Ahy Remark 13.31 Since lo^sM) = uj{M), we see that oj o (3~^ takes 
the diagram M' N* ^ Z* ^ M'[l] to a distinguished triangle in Dj^(Xo). If / 
is nuU-homotopic, then the homotopy induces a chain map Z* — > N* which induces 
a sphtting of the triangle 

N ^Z ^ sM[l] iV[l] 

in V. Thus, w o /3~i(/) = 0. □ 

Remark 3.8. We assumed that Pure^(Xo) was Frobenius invariant. However, the 
above construction still holds if we replace Frobenius invariance with the weaker 
condition that Horn' (5', 5") is pure of weight i for all i S Z and S,S' ^ -J^. 

4. MiXEDNESS 

4.1. Mixed and Orlov categories. Let ^ be a finite- length abelian category. 
As in [71 Definition 4.1.1], a mixed structure on ^ is a function wt : Irr(^) — > Z 
such that 

(4.1) Ext^(5, S') = if S", S' are simple objects with wt(S') < wt(S"). 

As in [21 Section 2.2], we can extend the notion of a mixed structure to a triangulated 
category in the following way. Let ^ be a triangulated category with a bounded 
t-structure whose heart is A m,ixed structure on is a mixed structure on ^ 
satisfying 

(4.2) Hom*gj(5, S') = if S*, S" £ ^ are simple objects with wt(S') < wt(5') + i. 

Let £^ be an additive category and Ind(j2/) be the set of isomorphism classes 
of indecomposable objects in . The category equipped with a function deg : 
Ind(.G/) Z, is called an Orlov category (see [H Definition 4.1]) if the following 
conditions hold: 

(1) All Hom-spaces in are finite-dimensional. 

(2) For any S £ Ind(j2/), we have End(5') ^ Q^. 

(3) If S, S' G Ind(^) with deg(S') < deg(S") and S ^ S' , then Hom(S',S")=0. 
According to [H Proposition 5.4], the homotopy category of an Orlov category 
K'^(^) has a natural t-structure whose heart is a finite- length abelian category 
containing irreducibles given by j4[deg(A)] for A e Ind(i2/). Also, the function 
wt(y4[deg(A)]) = deg(A) makes K''(^) into a mixed category. 

Remark 4.1. The category ■Pure^(Xo) is Orlov. An indecomposable object in 
7'ure^(Xo) is given by 5'[2m](m) where 5' is a simple perverse sheaf in 5^. We 
define the degree function by deg(S'[2TO] (to))=— 2m. To see that this degree function 
makes Purej^(Xo) into an Orlov category, we simply note that for S,S' € with 
S[2m]{m) ^ S'[2n]in) 

When —2m < — 2n, 2n — 2m is negative, and this vanishes since S{m) and S'{n) are 
objects in the heart of a t-structure on D[^j(A'o). If —2m = —2n, this vanishes since 
we assume that S'[2m](m) ^ S'[2n\(n) implying that S and S' are nonisomorphic 
simple objects. 
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We will denote the heart of K^CPmcs-Xo) by 7'erv""''(Xo). The simple objects 
in Perv'"'''(Xo) are given by {S[2i]{i))[-2i] for any S* G ^, i G Z. Note that the two 
shifts do not cancel since they occur in different triangulated categories. By f^l, the 
category 7'erv""'^(Xo) is a mixed category with weight function wt{S[2i]{i)[—2i]) = 
—2i and a degree 2 Tate twist (2) :— [— 2](— 1)[2]. In the remainder of this section, 
we will show that K^('Pure^Xo) is a mixed version of its analogue over ¥q. This is 
defined as follows: 

Definition 4.2. Let !^ and ^' be t-categories such that 

• ^ is a mixed triangulated category with a i-exact autoequivalence (a degree 
d Tate twist) {d) : Si ^ & satisfying wi[S{d)) = wt(S') + d; 

• there is a i-exact functor F : S ^ 2)' such that the essential image gener- 
ates Si' as a triangulated category; 

• and there is an isomorphism e : F o [d) ^ F. 

Then S is called a mixed version of S' if e induces an isomorphism for all objects 
M,N €S 

(4.3) Horns; (M, N{nd)) ^ Hom<^-(i^M, FN). 

nGZ 

Let DJ?(X) be the ^-adic derived category of complexes of sheaves on X := 
Xq xspecF, Spec(Fq). Define T : K^CPme.yXo) D^{X) to be the functor given 
by the composition 

K^T'ure.^Xo) A d!J,(Xo) 4 D^(X) . 

Recall that K''(7'ure^Xo) A Dj^(Xo) is the realization functor defined in Section 
El The functor D;^,(Xo) A D^(X) is given by extending scalars to F^. Let D|^(X) 
be the triangulated category generated in Dj?(X) by the objects J-{S) for S G 
and let ■Perv^(X) be the Serre subcategory of VeTv{X) generated by the perverse 
sheaves T{S) for S G y. Note that D'^(X) contains the image of J" in Dj?(X). 
Thus, we may think of 7^ as a functor with target D'^(X). Note that shifts in 
K'°{VmeyXQ) and D;^„(Xo) combine under T. Thus, for M G K^{Pme^Xo), we 
have that J'{M[2i]{i)[-2i]) = F{M). Also, F commutes with shifts so F{M[i\) = 
F{M)[i]. We now show that K'^(7'ure^Xo) is a mixed version of D^,{X) assuming 
'Pvj:e^{Xo) is Frobenius invariant on morphisms. 

Theorem 4.3. Assume that Vurej^{Xo) is Frobenius invariant. ThenK^{T'ureyXo) 
is a mixed version of D^y{X), where D^(X) is the triangulated category generated 
by the image of in DJ?(X). 

Proof. Let M and N G K'^('Pure^Xo). We proceed by double induction on the 
lengths of the chain complexes M and N . First, assume that M and iV are con- 
centrated in one degree. Without loss of generality, assume M is concentrated in 
degree 0, i.e. that M G VwieyiXa). Let j G Z be such that N[-j] G Vm:ey{XQ). 
Then Hom(M, (2n))) = Hom(M, iV[-2n](-n)[2n]) ^ implies that 2n = 
because otherwise, M and N{2n) would be chain complexes concentrated in dif- 
ferent degrees. Now, if j is odd, then Hom(M, A^(2n)) = 0. In this case, we 
must show that Hom(J^M, FN) = 0. Recall that F commutes with shift and that 
N[-j] G Purej^(Xo). Thus, we see that 

Hom( J"A.f , J"iV) = Hom(J"A/, J"(iV[-j])[j]) = Yioxii\FM,F{N[-j])). 
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This vanishes by Lemma 12.51 
Now assume that j is even. 



0Hom(Af,iV(2ri)) = Hom(Af, iV[j](§)H]) 



Hom 



{FM.FN), 



by Lemma 12.71 



Suppose that the theorem holds for M a chain complex of length less than n + 1 
and N concentrated in a single degree. Now, assume that M' G K'^(7'ure^Xo) is 
a chain complex of length n + 1 and that iV is a chain complex concentrated in 
one degree. Let i E Z he such that M* vanishes in degrees less than i and more 
than i + n. Note that the differential induces a chain map 1] — M' where 

M" and M' are the obvious truncations of M. This gives a distinguished triangle 
M' M' M" This triangle gives us the following commutative diagram 
with exact rows. 



0Hom~i(Af',7V(2n)) ^ Hom(M", iV(27i)) ^ Hom(M', iV(2n)) A 

/ 



Roin-\T{M'),T{N)) Hom(J-(M"), J"(iV)) Rom{T{M'), T{N)) - 



A 0Hom(Af',7V(2n)) Hom^(M", iV(2n)) 



riGZ 



A Hom(J"(M'), J"(Af)) llom\j-{M"),J^{N)) 



Note that ai, 02,03, and 04 are isomorphisms by the induction hypothesis. 
Thus, the five lemma implies that / is also an isomorphism. 

A similar argument proves the claim for general M and N in K^('Pure yXo). □ 

Corollary 4.4. The heart 7'erv™"^(Xo) of the t-structure on K^(7'ure^Xo) is a 
mixed version of the category of perverse sheaves 'Perv^(X). 

4.2. A second t-structure. We now define a new i-structure on K'^(7'ure^Xo), 
which we'll refer to as the non-standard t-structure. To do so, we regard 7-'ure^(Xo) 
as an Orlov category with a different degree function. Recall that an indecompos- 
able in 7-'ure^(Xo) is given by S\^i]{i) for a simple perverse sheaf S £ and i G Z. 
We define the new degree function on indecomposables by deg(5'[2i](i)) = —i. The 
same argument used earlier verifies that this degree function also makes 7'ure^(A'o) 
into an Orlov category. Thus, [H Proposition 5.4] implies that we have a t- 
structure on K'^('Pure^Xo). We will denote the heart of this second i-structure 
by PervKDlA^o)- It is also mixed with a degree 1 Tate twist ((!)) := [— 2](— 1)[1] 
and contains irreducible objects S{{i)) for all S & and i G Z. 

5. Background on the Springer correspondence 

Let G be a connected, reductive algebraic group defined over Fg. Let TV C g be 
the variety of nilpotent elements in the Lie algebra of G. Our goal is to understand 
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the representation theory of the Weyl group W for G by studying the Springer 
sheaf A. 

5.1. The Springer sheaf. Let /i : TV — > TV be the Springer resolution. Then the 
Springer sheaf A e DJ?(TV) is defined by 

where is the constant sheaf on TV and d — dim TV. Let Dg. (,(TV) be the G- 
equivariant derived category. For background on the equivariant derived category, 
see [3]. The Springer sheaf A is also a G-equivariant perverse sheaf. For most 
of what follows, we will consider both non-equivariant and G-equivariant versions 
of statements. The proofs in both cases are essentially the same. We will not 
distinguish by notation objects that belong to both Dj? (TV) and D g. ^ (TV) . The 
following fact is well-known and a consequence of [6j Proposition 4.2.5]: for G- 
equivariant perverse sheaves J? and on a G variety X with G connected, we have 
that Homj3b(j5f-| (^, ^^) = Hom^b (^x)i'^i'^)- ^ proof can be found in iJjJ Section 
1.16]. 

The Springer sheaf A has a natural action of the Weyl group a : W ^ Aut(A) 
defined by Lusztig in [16) . According to |10[ Theorem 3], we have an isomorphism 

Let be the variety of Borel subgroups of G. Then we also have an action 
K : Qe[W] End(H'(^)) induced by the VF-action on G/T where T is a maxi- 
mal torus. We have G-equivariant analogues of the above. The structure of the 
cohomology ring of the flag variety is well understood. There is a degree doubling 
isomorphism of graded rings between (1) the algebra of M^-coinvariants Coinv( W) 
and H*(^), and (2) the symmetric algebra based on the Cartan SI)* and Hq(^). 
We will often make use of the categories Dj?(^) and Dg, ^{^) of £-adic sheaves on 
^ constructible with respect to the trivial stratification. 

We will usually focus our attentions on the category Dgpj.(TV) (respectively, 
Dg. gpi.(TV)) defined as the triangulated category generated by the simple summands 
of A in Dj?(TV) (respectively, in D^_^(TV)). 

5.2. Borel Moore homology of the Steinberg variety. Another approach to 
studying the relationship between M^-representations and the Springer sheaf A 
involves the Borel-Moore homology of the Steinberg variety Z ^ JV Xj^ J\f. For 
our purposes, we use the definition of the Borel-Moore homology in terms of the 
hypercohomology of the dualizing complex ujz as developed in |11, 8.3.7]. 

Hf*^(Z) :=H-'(Z,^z). 

Many details of the relationship between Hf*^(Z) and the Springer sheaf A are 
developed in [llj . In particular, we have an isomorphism of graded rings 

(5.1) H2T.(Z) = Hom-(A,A). 

Let Xq be a variety defined over F^. Then we may define Borel-Moore homology 
with an n-twist (with ^-adic coefficients) by 
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Extending scalars to ¥q, we get the usual Borel-Moore homology (with an n- twist), 
and it has inherited an action of Frobenius. To denote this, we write Hf*^(Xo,n) = 
Honi ~ ' (C yn , lli y„ (n)). Applying the short exact sequence (|2.ip . we get the following 
short exact sequence relating the Borel-Moore homology groups of Xq over ¥q and 
X over F,: 

^ Hf+Y(Xo, n)F,ob ^ Hf *^(Xo, n) ^ Hf *^(Xo, nf^""^ ^ 
In particular, we have the following theorem: 

Theorem 5.1. Let Xq be a variety defined overWq. Then the Borel-Moore homol- 
ogy of Xq vanishes for i < —1 andi > 2dim(Xo). In particular, H^^4i(-j5f^-)(Xo, n) = 

ttBM fY „^Frob 

£i2dim(Xo)l^O, 

Proof. This follows from the fact that Hf*^(Xo,n) is only non-zero for < i < 
2dim(Xo) and the above short exact sequence. □ 

5.3. Mixed Springer sheaves. Now, in order to apply the mixedness machinery 
of 0, we need analogues of A/", g,G,.^ and other related varieties defined over 
a finite field of characteristic p. We make the following assumptions before 
proceeding. 

(1) These varieties are equipped with an Fg-rational structure. 

(2) The field F^ is big enough and has good characteristic. 

(3) The reductive group G is F^-spht. 

The reason for our first assumption is clear. Let Ao, Gq, et cetera denote F^-schemes 
whose extension of scalars are J\f, G, et cetera. Now, Gq acts on A/q by the adjoint 
action; however, it may be the case that not all G-orbits of Af appear. Since there 
are only finitely many nilpotent orbits, we can ensure that all of them are defined 
by taking a finite field extension of F^ if necessary. This is the reasoning behind our 
second assumption. We assume that ¥q is big enough so that the Frobenius fixed 
point set of each nilpotent G-orbit is non-empty. Our final requirement is that we 
must assume that G is Fq-split. In other words, Gq has a split maximal torus of 
the same dimension as a maximal torus in G. We now show that in this setting, 
we do not lose information by passing to the Fq-setting. 

Lemma 5.2. The top degree Borel-Moore homology ^^^\Z,—d) has a basis that 
is Frobenius invariant. 

Proof. Recall that the irreducible components of the Steinberg variety are given 
by closures of conormal bundles Ty^(^ x ^), where Yw is the G-orbit oi x 3§ 
corresponding to w e W. Each of these is defined over F, since for split G, the 
Bruhat decomposition is defined over F^. 

The top-degree Borel-Moore homology of an algebraic variety has a basis given 
by fundamental classes associated to the top-dimensional irreducible components. 
In order to show that H^/^(Z, —d) is Frobenius invariant, it suffices to show that our 
basis can be defined over Fg. Let X be an irreducible component of Z such that Xq 
is the corresponding irreducible component of Zq over Fg. Then the fundamental 
class associated to X is defined over Fg. To see this, we need a canonical element 
/ e Rom{Cx„,L^x„[-2d]i-d)) = H-2'^(Xo,wxo(-d)) = Hf/(Xo,-d). Let Uo C 
Xq be a smooth dense open set and set Fq — Xo\Uo. Then we have inclusions 

Uo^Xoi^ Fq. 
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This gives a distinguished triangle in DJ^(Xo) 

iJujXo[-2d]{-d) ^ ujXo[-2d]{~d) j^j*LUx„h2d]{~d) ijujx„[-2d + l]{~d). 

Now we apply Hom(CA'oi ~) to get the exact sequence in Borel-Moore homology 

Hf/(Fo, -d) Hf/(Xo, -d) ^ B^fiUo, -d) ^ HfjV'i(i^o, -d) 

Note that dimFo < dimXo. Thus, Lemma \5A] implies that 

Hf/(Fo,-d) = Hf/+^(^^o,-d)=0 

since both are Borel-Moore homology groups in degree greater than 2dimFo. 
Therefore we have an isomorphism H^/^(Xo;— rf) ^ il2d^ (Uq, —d), i.e. an iso- 
morphism 

'Hoin{Cx„,^x„[-2d]{-d)) = Honi(C[/o , CfyJ. 

Let / be the morphism corresponding to id : Cjjo ~^ Cjja under this isomorphism. 

□ 

We use the Borel-Moore homology as a stepping stone to get the following result. 

Lemma 5.3. We have an isomorphism Hom^b (^^j)(A, A) = Hom(A, A) = Q£[M^]. 
Thus, we also have Hom^b (j^^-)(A, A) = 

Proof. Recall the short exact sequence 

^ Hom 'VA. A)Frob Hom(A, A) ^ Hom(A, Af'°^ 0. 

Since A is a perverse sheaf, Hom^^(A, A) = implying the map Hom(A, A) 
Hom(A, A)^™*^ is an isomorphism. Thus, we have an injection Hom(A, A) '-^ 
Hom f A, A), so it suffices to show that Hom(A, A) and Hom(A, A) have the same 
dimension. Recall the isomorphism ()5.ip from This restricts to an isomor- 

phism of the degree piece: Hom(A, A) = h£/^^(Zo, —d). The following string of 
isomorphisms gives us the conclusion: 

Hom(A, A)F™i^ = Hf/^(Zo, -d)^™^ 

= ^2d' {Zo,-d), by Lemma [U 

= Hom(A, A) 

□ 

Thus, we have a natural action of the Weyl group on A e D^{J\fo). Let 
a : W ^ Aut(A) denote this action. By 6, Proposition 5.3.9], we may decompose 
A as follows: 

Xelrr(W) 

where the IC^^ are various distinct simple perverse sheaves and is a vector 
space with an action of Frobenius, which is not necessarily semisimple. Note that 
both the Frobenius action and the Weyl group action on arise via the iden- 
tification: = Hom flCv, A). However this identification requires a choice of 
IC;,, G DJ^(A/'o). Regardless of the choice of IC^, it is easy to see that Frobenius 
is a VF-equivariant endomorphism of by Lemma 15.31 Of course is an irre- 
ducible W^-representation. Hence, Frobenius must act by a scalar (with absolute 
value 1). Since a scalar may travel across the tensor product IC;^ '^Vx^ '^^ declare 
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that Frobenius acts trivially on V^, and this gives a unique choice for the simple 
perverse sheaf IC^ G D^^{JVo). We fix this choice for aU x ^ Irr(VF). 

Define 5pr as the full subcategory of DJ^(A/o) (or ^(^o)) consisting of objects 
that are finite direct sums of the simple perverse sheaves IC^^ as above. Let T'ure Aq, 
respectively T'urec A/q, be the full subcategory of D^^{JVo), respectively ^{Mq), 
consisting of semisimple objects that are pure of weight and whose length 1 
subquotients are in iSpr[2n](n) for some n. In other words, 

VmeAfo = 5pr[2n](n). 

In the following section, we will show that the categories "Pure Ao and Puree A/q are 
Frobenius invariant by relating morphisms between simple perverse sheaves with 
the cohomology (or G-equivariant cohomology) of the flag variety To do so, we 
must first introduce a pair of functors. 

5.4. The functors and $. We now introduce an adjoint pair of functors studied 
thoroughly in [1 . Consider the maps 

AA A A" 4 ^. 

We define the functors 

* : D|?(^) ^ D;?(A') and $ : D^(A/') ^ DJ?(^) 

by 5* = ^*7r' and $ = (7r*^')[— d](— |). Note that ~ ^{7r*[d]{^) since is proper 
and TT is smooth of relative dimension |. It is easy to see that (5*, $) forms an 
adjoint pair. We denote the isomorphism induced by adjunction by 

d : Hom*(C<^,$(A)) ^ Rom' (C ss) , A) = Hom'(A, A). 

The following is a refinement [1] Theorem 4.6]: 

Lemma 5.4. The category VureAfo is Frobenius invariant. That is, for all IC^, IC^ 
in 5^ and i e Z 

Hom(ICx , IC^ [z] ( § ) ) F™!^ ^ Hom(ICx , IC^ [z] ( § ) ) . 

In particular, Hom flCv jqjzlf^)) = }lomw{V*,R\^)(giV^) anrf Hom '(ICv. IC,/,) 
vanishes for i odd. 

Proof. Note that Hom 'fA, IC,;,(§)) ^ Hom 'flC^, IC,/,(§)) ® V*. Thus, we may 

X 

compute Hom ^dCy, IC^(|)) by the x*-isotypic component of Hom*(A, IC^(|)) un- 
der its W action. Therefore, we have that 

Hom^(ICx,IC^(i)) Homvv(F;,Hom'(A,IC.^(i))) 

= Homw { V: .R'{.m{^)^ HomfC q^a . $ fIC,/, ) ) ) 

= Homvv(F;,ff (^)(i) ® IIom(A,ICv,)) 

= HoniM^fF.*, f^)f|) ® HomriC,/, IC,/,)) 

-HomH.(F;,ff(^)(i)®F;) 
-(K,®ff(^)(i)®y;)'^ 

Recall that Frobenius acts on II*(^) by g2. Hence, the Frobenius action on 
H'(^)(i) is trivial. Since ff (^) vanishes for i odd, so does Hom ' (IC^JC,;,). □ 
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Theorem 5.5. We have that K^(7'ure A/q) is a mixed version o/ Dgp^. (A/") , where 
Dgpj,(7V) is the triangulated category generated by the image of Spi in DJ?(7V). 
Similarly, in the G equivariant case, we have that K^{V\xveGNo) is a mixed version 
ofH^Q spr(-^); where Dg. gpi.(A/') is the triangulated category generated by the image 
ofS-piinB^JAf). 

Proof. By Lemma 15.41 we see that T^ureTVo has Frobenius invariant morphisms. 
Now, we apply Theorem 14.31 □ 

Corollary 5.6. The category VeiY™^ (Af) is a mixed version of the category of 
perverse sheaves Spi C Dgpj.(A/'). Similarly, 'Pervg *^ (A/") is a mixed version of the 
category of perverse sheaves Spi C D gpj. (A/") . 

6. Mixed Springer Correspondence 

We now prove a mixed version of the Springer correspondence, i.e. an equivalence 
of two mixed triangulated categories: K'^(7'ureG A/q), related to the geometry of 
TV, and D^{gModQi[W]#Si)*), related to the representation theory of W. (We 
also consider the obvious non-equivariant analogue.) 

Since we have a VF-action on H*(^), we may define the smash product alge- 
bra Qi[W]#ll'{^). As a vector space, Qi[W]#ll'{^) = Qe[W] ® H'(i^). The 
multiplication is given by 

{Wl (g) fl){w2 ® /2) = W1W2 ® K{w2^){fl)f2 

for wi,W2 £ W and /i,/2 G H*(^). This algebra is discussed in [13] where they 
show that Qe[W]#R*{^) and H^J^^{Z) are isomorphic as graded algebras. Of 
course, this combined with the isomorphism from (|5.ip implies that 

Hom*(A,A) =Q4W^]#H*(^) . 

Now we consider the following G-equivariant version of the above proposition. 
A proof can be found in [l4] . 

Proposition 6.1. The rings Q£[FF]#Hq(^) and HobiqIA, A) are isomorphic. 

The above isomorphisms are isomorphisms of graded rings. In particular, the 
vanishing of the cohomology of the flag variety in odd degrees implies Horn' (A, A) 
and HomQ(A, A) vanish when i is odd. Thus, we may consider the graded algebra 
A defined by := Hom^*(A, A). Similarly, we define Ac in the G-equivariant 
case. Then, it is easy to see that 

A Qi![W]#Comv{W) and Ac = Qe[W]# Si)* . 

Graded A and Ag modules. Let i? be a positively graded ring, R = ©jgN-R*. 
Let gMod(i?) denote the category of finitely generated right graded modules over R. 
For a graded module M e gMod(i?) with M = ©-^^ M'\ we denote by {1}M the 
object obtained by shifting the grading ({1}M)' = Af*+^. Let gProj(i?) denote the 
full subcategory consisting of finitely generated projectives. Define R~^ — 0j>Q i?*, 
and suppose that the quotient Rq = R/R^ is a semisimple ring. 

Remark 6.2. In this case, the projective modules for R are easy to describe. Let L 
be a simple (right) i?o-module. Then L (E>Rg i? is a projective i?-module. In fact, 
any projective i?-module is a direct sum of shifts of these. A proof of this can be 
found in [20l Lemma 6]. 
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In our case, we consider the graded rings A — Qe[W]^ Comv{W) and Ag — 
Qe[W]4/= Stj* . The degree piece is isomorphic to Qf[W^] in both cases. Thus, for 
any irreducible W representation V^, a shift of ® Coinv( W) (or ® Sf)* in the 
G equivariant case) is an indecomposable projective module. 

Let D'^(^) and D^{Ag) be the bounded derived category of finitely generated 
graded modules over Qe[W]^ Comv{W) and Q£[M^]#Sf}*. We also consider the 
perfect derived category: Dpgj.(^). It is the fuU triangulated subcategory of D'^(^) 
generated by modules with a finite projective resolution. In other words, Dppj.(^) 
is equivalent to K^(gProj 1/F]# Coinv( W)), the bounded homotopy category of 
(finitely generated) graded Coinv( W) modules that are projective. Note 

that D^{Ag) — Dp„.(ylG) since Qf[FF]#S[}* has finite homological dimension. 

Theorem 6.3 (Mixed Springer Correspondence). We have the following equiva- 
lences of triangulated categories: 

• K^{VmeAfo) is equivalent to Dp^^{A); 

• {VmeG J^o) is equivalent to D'^(^g')- 

Proof Since we have equivalences Dpg^(^) = K'^(gProj [ 1/F]# Coinv( W^)) and 
B^^{Ag) = K'^(gProj Q£[l^]# St)*), it suffices to show that the additive categories 
7'ure(7Vo) and gProj(Qf [ W^]# Coinv( W^)) (or Puree A/q and gProj(Q^[ Sf)*) 
in the G-equivariant case) are equivalent which is the content of the following 
proposition. □ 

Remark 6.4. The analogue of the above in the G x Gm-equivariant setting should 
also hold by the same methods. In this case, the category K'^('PureGxG„ M)) should 
be equivalent to 0*^(11), the derived category of graded modules over the graded 
Hecke algebra considered by Lusztig in [T7| . We also note the discrepancy between 
the above statement and that in the introduction. The statement in the introduc- 
tion holds with a slight modification of the definition of ■Pure(7\/o) and VuieGiJ^o) 
to allow integral shift-twist [1](^). 

Proposition 6.5. The categories Vme{Afo) and gProj(Q^[ Coinv( M^)) are 
equivalent as additive categories. 

Proof. We apply the functor ip := 0^^^ HomQb (jv'o)(A[— 2to](— m), — ). For an 
indecomposable IC;^[2i](i), we get 

Hom2"+2^(A,ICx(i + TO)) = «)H2"+2^(^)(m + i) 

in degree m. Summing gives (p{lC^[2i]{i)) ^ {i}V* ® Coinv(W). It is easy to 
see that we get all objects in gProj(Qj»[M^]#Coinv(iy)) in this way based on the 
Remark 16.21 above. 

Now, we need to show that Hom(ICx,IC^[2i](i)) ^ iiom{tp{IG^),ip{lC^[2i]{i))). 
Recall from the proof of Lemma 15. 4[ we have that 

Hom(ICx,IC^[2i](i)) ^ UomwiV*,'a^'i.^)ii) ®V;). 

It is easy to see that a ly-equivariant map V* — > H^'(^)(i) (g) uniquely de- 
termines a map of graded Qe[W]^Comv{W) modules from V* (g) Coinv(FF) 
{i}V* (E) Comv{W) . □ 

Proposition 6.6. The categories VureGiJ^o) and gProi{Qe[W]^ Si)*) are equiva- 
lent as additive categories. 
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Proof. Same as in Proposition l6.5l □ 



Note that the equivalence in Theorem l6.3l does not preserve the usual i-stuctures, 
i.e. (^(PervS"^(A/-o)) gMod(Q4W^]#Sf)*). 



7. KOSZULITY AND DG MODULES 

Recall that the G-equi variant version of our Springer correspondence involves 
modules over the graded ring Q£[PF]#Sf)*. Thus, it is natural to consider the 
additional structure of the Koszulity of this ring. Koszul duality between the sym- 
metric and exterior algebras was first described in [8] . This was extended to a more 
general class of rings in |7j where they describe a derived equivalence between the 
categories of graded (finitely generated right) modules over a Koszul ring and its 
Koszul dual. Thus in our setting, we have an equivalence 

D^(gModQ4W^]#/\ t)) = D'^(gModQ4l^]#Sf)*) . 

This equivalence transports the standard t-structure on D'^(gModQf[l^]#/\ t]) 
to a non-standard t-structure on D^{gModQ([W]4/^St)*). A description of this is 
given in [7, 2.13]. Also recall the non-standard i-structure on K''(7^ureG A/q) defined 
in Section 14.21 with heart T'ervKD (A/q ) . We will show that our mixed Springer 
equivalence 16.31 is exact with respect to this non-standard t-structure. Therefore, 
it restricts to an equivalence of the hearts gMod(Qf A f)) ^'^d ■PervKD(A/'o). 

It is well known that the category gMod(Q^[ /\ [)) has enough injective and 
projective objects. In particular, we see that T'ervKDCA/'o) also has enough injective 
and projective objects. Using this, we prove Theorem 17.91 we have an equivalence 
of triangulated categories 

where (Q4 ly ] # (^) ) is the derived cate gory of finitely generated dg-modules 
over Q,[iy]#H'G(^). 

The outline for the approach mostly follows that of [19] . 

(1) Take a projective resolution P* A in PervKD(A/o). 

(2) Let P* be the image of P* in D^_^(A/'). 

(3) Define the dgg-algebra nom{P* , P'). 

(4) Show that the dg-ring 'Hom(P*,P') is formal and that its cohomology is 

7.1. Non-standard i-structure. We begin by showing our equivalence is exact 
with respect to the non-standard t-structure defined in [7]. 

Theorem 7.1. The non-standard t-structure defined in Section \4.'2\ coincides with 
the geometric t-structure defined in [7] on D^(gModQ^[M^]# Si} ) . thus the equiva- 
lence 

K^(PureGA/'o) '^V>°{gModQt[W]#S\)*) 

is exact with respect to that t-structure. In particular, it restricts to an equivalence 
of the hearts 

gMod(Q,[I^]#/\f)) - PervKD(AAo) . 
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Proof. As before, we let Ag — Qi[W]4fSt) . First, we recall the geometric t- 
structure, denoted (D'^^^s ^ D^"-3), on B^iAg) defined in [H Section 2.13] obtained 
from the standard t-structure on D^{gModQi[W]^ /\ ()) under the Koszul duality 
equivalence. The subcategory D^O-f C D^{Ag) (respectively D^^'S C D^{Ag)) 
consists of objects isomorphic to complexes of graded projective modules 

such that is generated by its components of degree < — z (respectively > —i) 
for all i. To show that our functor is exact with respect to this t-structure, it 
sufhces to show that (p{VervKB{J^o)) is contained within the heart D-^'S n D-^'^ . 
Recall that an irreducible in 'PervKD(AAo) has the form (IC;^[2i](«))[— i], i.e. a chain 
complex with ICj(-[2i](i) in degree i and elsewhere. Thus, the chain complex 
(/3((ICx[2i](z))[— i]) is concentrated in degree i with ip{{lGx\^i]{i))[—i]y ~ {~i}Vx® 
Sf) . It is easy to see that this is an object in the heart D-^'S n D-^'S . □ 

The equivalence D'^(gModQ4W^]# A 1)) - D'^(gModQ4 Sf)*) proves that 
we have an equivalence 

D'^(PervKD(AAo)) ^ K'^(7'ureG A/'o) ■ 

7.2. A projective resolution and a dg-ring. Recall 'PervKD(A/o) is the heart 
of the non-standard t-structure on K^{PuieG J^o) discussed in Section [4.21 By 
Theorem 17.11 PervKD(A/'o) has enough projectives. Let P' be a projecive resolution 
of A 

( ¥ P-^ P-^ ^ P°) ~ A 

so each P' e -PervKD(AAo) C (Puree A^o)- By Theorem EH (Puree AAq) is a 
mixed version of spri-^)- particular, we have a triangulated functor 

z.:K^(PureGAAo)^D^_Spr(-A/') 

such that 

HomKb(puroGAAo)(^' ^(2^)) ^ HomDb^^^(_^)(i.M, i^N) 

for aU M,N € K'=(PureG AAq). 

Now define the chain complex P* G C~ gp^iAf) by the following: P' = v{P^) 
with differential dp given by the image of the differential of P*. 

Let TZ be the differential graded (dg) ring given by 

= I] Homob ^^^(^) (p-'+^ P^ [k]) 

n—i+jM^lj 

in degree n and differential d-jij = dpf — (— l)"/(ip for / homogeneous of degree 
n. We will refer to this grading as the vertical grading. For background on dg-rings 
and modules, see [21 [IH]- Note that TZ has an extra grading (called the internal or 
horizontal grading) arising from the mixed structure of K'^(PureG A/o)- For to G Z, 
we have 

^„,2™^ -Q HomKb(p,,,,^„)(P-^+'=(2TO),P-'"[fc]) 

and 7^"i2™-i-i = g. Also, note that the differential d-j^ respects the internal grading, 
i.e. d-ji is a degree (1,0) map. The cohomology H'(7^) is a bigraded ring. We will 
regard it as a dg-ring with trivial differential in the vertical direction. 
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Lemma 7.2. The dg-ring TZ vanishes below the diagonal. 

Proof. First, we show that k ~ m since the P's are projective in 7'ervKD(A/'o). 

n—i-j-j.k^lA 
n—i-\-j.k^'L 

= nHomp_,„(^„)(P"-^((m)),P"-^) 



Now, in the mixed category PervKolA/o), P"^^'^{{m)) has weights less than or equal 
to 2m — i with head pure of weight 2m — i and P"^' has weights less than or equal 
to 71 — i. Any morphism is strictly compatible with the weight filtration. Thus, for 
/ : P™^*((m)) P"~*, we have that the head of the image of / is pure of weight 
2m — i. This vanishes when 2m > n. □ 

For any M e I3g,Spi(-^)' define the dg-module 'Hom(P',M) over 7^. In 
degree i, we have 

Hom(P',M)^ = []HomDb^^^(^)(p-'+^M[j]) 
and has differential induced by that of P*: if / G Hom(P*,Af)*, then dj^jf = 

{-ly+'dpf. 

Remark 7.3. Note that in each degree i € Z, the module ?^om(P*,M) has only 
finitely many non-zero terms. One can show directly that 

nomiP\lC^y = Hom7,erVKo(^o)(^^'^'((*/2)),ICx) 

for i even and vanishes for i odd using properties of the i-structure and mixedness 
of PervKD(A/o)- Devissage proves the general case. 

Theorem 7.4. The differential graded ring TZ is formal. In other words, TZ is 
quasi- isomorphic to its cohomology. And the cohomology ring is 

H•(7^) = Hom^. _^^^(^)(A, A) - Qe[W]#R'am . 

Proof. As a consequence of an idea of Deligne, [12l 5.3.1, Corollary 5.3.7], purity of 
the cohomology H' (7^) with respect to the internal grading implies formality of TZ. 
A proof of this can be found in [ini Proposition 4] . Purity means the cohomology 
in vertical degree i should be concentrated in horizontal degree i. In other words, 
ff (7^) = ff (7^••*). Since Db(PervKD(AAo)) = (Puree A/'o) and P* is a projective 
resolution of A, we have that 
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n'iW'^"') = ff(Hom(P*+™(2m),P*H) 
= ff (■Hom(P'+"((m)), P*)) 

= ExfD'=(7'orvKD(AAo))(A((m))[m], A) 

= HomJ^b(P^^^^^,jV-„)(A(2TO), A) 

Then we have 

Homj,.(p„,.,^^^^)(A(2m), A) = Hom^j^-,2m^^.^^^^)(A[-2m](-m), A) 



In K'^(PureG Ao), A[— 2m](— m) and A are chain complexes concentrated in degree 
0. Clearly, if this is nonzero, then i = 2m. When i = 2m since our realization 
functor K*^ (Puree A/q) ^^^(A/o) restricts to inclusion on Puree A/q, we have 

that 

HomKb(pureGA/'o)(A[-2TO](-m), A) = HomDb___^(^^)(A[-2TO](-m), A). 
By Proposition 

HoniDb _^(^„)(A[-2m](-m), A) = Homg"(A, A)(m) <^ [ W^] ® H^T (^) . 

□ 

Remark 7.5. In fact, more is true. By Lemma [7.21 and Schniirer's argument [191 
Proposition 4], we have a dg-ring homomorphism TZ — >■ Qe[W]^ll*Q{£§) which is a 
quasi-isomorphism. 

Let V^^iTZ) and 2?'^s(q^[^]^h^(-^)) be the derived_ category of differential 
graded modules over 7^ and Q4tV]#H^(^). Let V^^^{Qi[W]# be the 

perfect derived category, i.e. the smallest full triangulated category generated by 
the free Q£[iy]# II^(^) module and closed under direct summands. We note that 

Since TZ is quasi- isomorphic to [ Hg.(^), we have an equivalence between 
the derived categories of dg-modules over these dg-rings. Let C denote the compo- 
sition 

-Hom(PV-) 

Because P* is not an object of a triangulated category, the definition of our functor 
'Hom(P*, — ) is somewhat non-standard. We provide the following lemma to prove 
that 'Hom(P*, — ) commutes with shift [1], and we prove the functor is triangulated 
in the appendix. 



Lemma 7.6. The functor nom{P* , -) : D^^(A') V^^iTZ) commutes with shift. 
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Proof. Recall that Hom{P\M)[lY = Hom{P',My+^ with differential dj^j^j = 

Hom{P\M[l]r = 0HomD.^^^(^)(P-*+^Mb■ + 1]) 

= Homob ^^^(^) Mb1) 
= ?^oni(P',M)[l]' 

The differential of Hom{P\M[l]) is given by d^/j^j/ = {-ly+^dpf for / e 
Uom{P\M[l]f = Uom{P\MY+\ So, V^,]/ = {-l)'+^dpf = -l((-l)Mp/ = 

-dM- n 

Lemma 7.7. The functor 'Hom{P* , —) is triangulated. 

Proof. Given in the appendix. □ 

Lemma 7.8. The dg-module 'Hom.{P',A) is quasi- is amorphic to the free module 
nom{P*,P'). 

Proof Let P* 4 A be the quasi-isomorphism in PervKD (A/q ) . The image of q in 
gpj.(A/') induces a morphism of dg-modules 

nom{P',P') ^ nom{P',A). 

The fact that q* induces an isomorphism in cohomology is almost by definition 
since Uom{P\P') = 0^^^ -HomKb(p„,eGAro)(^*> -P*(2m)) and Uom{P',A) = 

©mGZ ^o™KbCPurcGA^o)(^*i -^(2"^)) and cohomology commutes with the direct 
sum; we provide the following computation anyway. 

(^om(P* , A) ) = ( Uom^. ^-p,,,^ ^„ ) (P* , A (2m) ) ) 
mez 

= 0ff(?^omKb(p„,,,Aro)(^*,A(2m))) 

mez 

= 0Ext^ervKD(A/-o)(A,A(2m)) 

mez 

= HomKb(pureGA/-o)(A-, A[-2m](-m)[2m + i]) 

mez 

Of course, HomKb(purcGA/'o)(A, A[—2TO](—m)[2m+i]) / implies that 2to+i = 
because otherwise we would have chain complexes concentrated in different degrees. 
Thus, we see that 

ff(?^om(P*, A)) = HomKb(p„,eoM,)(A, A[i](i)) 

= HomDb __^(jV^)(A,A[i](i)) 

= HomDb^^^^(_v-)(A,A[i](|)) 

□ 
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Theorem 7.9 (A derived Springer correspondence). The category spi (-^) 
equivalent to S(Q4W^]#H^(^)) as a triangulated category. 

Proof. Recall that Dg, spi.(A/') is the triangulated category generated by iSpr in 
Dg,c(-^) and that *^(Q4 H^(^)) is the triangulated category generated by 
the summands of the free module (Q£[FF]#H^(^) in r>'^s(Q£[ H^(^)). Thus, 
by |19i Lemma 6] a refinement of Bcilinson's Lemma fE^, Lemma 1.4], it suffices to 
prove that 

Hom(ICx,IC^H) = Hom(£IC,^,£IC.0H) 
for all irreducible perverse sheaves lC^,lG.,p G 5pr, any i G Z. Note that CIC^ = 
V* R'ai^) and ClC^[i] ^ 1^^* (g) H^+X^). A morphism of dg-modules in this 
case is simply a morphism of graded modules since the differentials vanish. In 
fact, it is easy to see that such a morphism is determined by a ly-equivariant map 
V* ^V^(g, Tiling). Hence, 

Hom(£ICx,>CIC^[z]) ^ Ilomw{V*,V^(g>R}^{^)). 

A slight modification (remove Tate twists) of Lemma 15.41 proves that we also 
have 

Hom(ICx,ICv,M) = HomM/(y;,"K; ® ffcC-^))- 

□ 

Remark 7.10. The usual Springer correspondence can be recovered by composing 
with H°. 

Appendix A. Proof of Lemma [7771 

Proving our functor is triangulated is not at all straightforward. The prob- 
lem of course lies at the heart of the problem with triangulated categories: non- 
functoriality of cones. Thus, our approach is very roundabout. It is similar to 
successfully killing a mosquito: the mosquito must not see you coming. 

First, we prove the restriction functor : P'^s(q^[ ;^]^ h^(^)) V'^s(ji'^(^^)) 
induced by the injection i : 11*q{M) Qe[W]^ll*Q{^^) reflects distinguished trian- 
gles. 

Then we prove some straightforward facts about the flag variety. It is well 
known by work of [9J that the G-equivariant derived category of the flag variety 
is equivalent to a category of dg-modules 'D'^s{}i*Q{^)). We treat this as a sort of 
enhancement to the category Dg. ^{M) and then use our adjoint pair (vl^, $) to say 
something about the nilpotent cone. 

A.l. Averaging. Let ly be a finite group. Suppose that / : Vi V2 is a linear 
map between ^-representations that is not necessarily VF-equivariant. Then we 
can easily produce a W-equivariant map /° by averaging: 

/"(^) = w\T. ^-V(-x). 

It is straightforward to check that if / is Vl^-equivariant, then f = f^. In fact, / 
matches /" where / is locally VF-equivariant. 

Lemma A.l. Let to e Vi have the property that f(wm) — wf{m) for all w ^ W. 
Then, f'im) ^ f{m). 
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Proof. This is an easy computation. □ 
Lemma A. 2. Suppose we have a commutative diagram 

Ml M2 A M3 

r f s 

Ni^N2^ N3 

SO that Mi, Ni are W -representations, the maps g,h,g',h',r,s are W -equivariant, 
and f is linear (not necessarily W -equivariant) . Then the diagram where we replace 
f with its average /° commutes. 

Proof. We begin with the left square. Note that fg{wm) = g'r{wm) — wg'r(m) — 
wfg{m). Thus, / is locally W -equivariant on the image of g. By Lemma lA.H 

f'a = fg^ g'r- 

Now, we consider the right square. Note that the composition h' f is VF-equivariant 
since it equals the H^-equivariant map sh. 

Since h' f = sh, the result follows. □ 

For a dg-ring TZ, we denote by ICP{TZ) the homotopy category of homotopically 
projective dg- modules (also referred to as i^-projectives). It is well known that we 
have an equivalence 2?'^s(7^) ^ ICP{n) ^ Corollary 10.12.2.9]. 

We regard (^) as a dg-ring with trivial differential. There is a natural functor 
i^ : D'^s(Q£[W^]#H^(^)) D'^s(H^(^)) forgetting the W action. This functor, 
although clearly not an equivalence, has a very special property: it reflects triangles. 
The meaning of this is the following: 

Proposition A.3. Let L ^ M A N \ L[l] be a sequence in V'^s(^Q^]^w]4fll'a{.^)) 
/CP(Q^[ VF]^ H^(^))) such that its image under i,, is a distinguished triangle in 
V^s (H^ /CP (H^ (^) ) . Then it is also distinguished in V^s (Q^ [ FF] # (/^) ) . 

Proof. Let L ^ M 4 TV A L[l] be a candidate triangle in /CP(Q4 H^(^)) 
that becomes distinguished in /CP(Hq(^)). By the hypothesis, we have an iso- 
morphism between our candidate triangle and a standard triangle in the category 
/CP(H'g(^)) 



L M —L^ N L 



M —I cone{f) 



where the map q is not necessarily W^-equi variant. Note that the standard triangle 

L A M ^- cone{f) ^ L[l] is_ distinguished in A:P(Q4 H^(^)). To get a 
morphism of triangles in ICP{Qe[W]^ll*Q{M)), we replace q with to get the 
following: 
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L ^ M ^ > N 



f 



9 



M — cone{f) ^ L 



■"2 



1] 



1] 



The fact that each square commutes is proven in Lemma IA.8I We take coho- 
mology in /CP(Q£[ Hq(^)) to get a long exact sequence and then apply the 
five lemma. This proves that lT(g") is an isomorphism for all i € Z. Thus, q"" is a 
quasi-isomorphism. □ 

A. 2. Statements for the flag variety. 

Definition A. 4. Define 'PureG(^o) as the full subcategory of in(^o) with 
objects in ^Cssg [2i]{i). 

iGZ 

Lemma A. 5. Let Vureci^o) be defined as above. Then we have 

(1) K'^(7'ureG =^o) *5 a mixed version ofD^^{3§). 

(2) K''(PureG^o) — D''(gMod Sf)*) as triangulated categories. 

(3) K'^(7'ureG ^o) has a non-standard t- structure with heart VeiVKDi^o) con- 
taining enough projectives. 

(4) Choose a projective resolution Q' of Cag^ in 'PervKD('^^o) such that the 
image Q' in C"D^^^(^) satisfies ^'(Q*) = P' . Define 'Hom{Q*,Q*) as 
above. Then Tiom^Q' ,Q') is formal. 

Proof. The proof of each statement is exactly the same as the analogous statement 
above for TV. □ 

Let 7 : D^^^(^) ^ 2?f^(Hg(^)) denote the equivalence described in [91 Theo- 
rem 2.6.3, Theorem 12.7.2 ii]. Note that it is given by composition 

where the first functor is induction equivalence. Define the chain complex of dg- 
modules ^* by — j{Q^) and differential d^ — 7(Q* — > Q*^^). Now we define a 
functor 

by the following formula — Hompdg(H._(^))(^\ M[j]) with difi:eren- 

71= j-i 

tial given by dcag(M)f = duf — {—^Y^fdjs for / homogeneous of degree n. Note 
that the dg-rings Hom(^*, and Hom{Q' ,Q*) are isomorphic as dg-rings (not 
just quasi-isomorphic). 

Lemma A.6. The functor Lss : V^^C^'^^SS)) V^i^CHomiQ' ,Q*)) is triangu- 
lated. 

Proof. To see that the functor is triangulated, we will prove that for a morphism 
M ^ N of H^(^) dg-modules, Csg{cone{f)) = cone{Zsg{f)). Let 



31 
91 



e cone{Csgif)) 
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be homogeneous of degree i. Note that this imphes gi is homogeneous of degree 
i + 1 for C3s{M). Of course, cone{Csg{f)) = £.^(M)[1] ® CssiN) with differential 
given by 

^ -dc{M) \ f 9i \ ^ f -dhigi - {-lYgidQ \ 

'''^^> { C{f) dciN) J\92 J y fgi + dNg2~{-irg2dQ ) 

On the other hand, the induced differential applied to g G Cag[cone{f )) is given by 

It is clear that these two are the same. □ 
Remark A. 7. There is an isomorphism of functors between 

£^07: ,(^) ^ V^^iEndiQ')) and Hom{Q', -) : ,(^) ^ r>'*«(£:nd(Q*)). 

To see this, it suffices to compare the differentials of the dg-modules Css ° 
and 'Hom(Q*,M) for M G D^_^(^). Note that Hom(Q*,-) is defined as before: 
for M G Dg. ci^)^ define the dg- module Hom((5*, M) over £nd(Q'). In degree 
i, we have 

Hom(Q',A/)' = 0HomD. ^(^)(Q-'+^ Af[j]) 

and has differential induced by that of Q': if / G 'Hom((3*,M)% then (ij^:^/ = 
{-ly+^dgf. The differential for /:^(M) is given by d£^(M)/ = d^(^M)f -{-'^Y fd^- 
These two differ by but d^i^^) is a null-homotopic map of dg-modules. Since 

Csg o 7(M) is a direct product of Hom groups in 'D'^^(H*q{^)), composition with 
d^i^j^i-^ takes maps to zero. 

Recall the adjoint pair (5',$) defined in Section [5T4l By construction, we have 
an isomorphism of chain complexes P' = "^{Q'). Hence 5" induces a map of dg- 
rings ^' : £nd{Q*) f nd(P*). Similarly we have homomorphisms of dg-rings tti : 
fnd(P*) ^ Q4W^]#H*g(^), I : H*c(^) ^ ] # H'^ (^) , and ^2 : £nd(Q*) ^ 

Hq(^). (We note the existence of tti and 112 is implied by Remark l7.5l ) These are 
related by the following lemma. 

Lemma A. 8. Let i, tti, 1:2, and be defined as above. Then i o 7:2 = tti o . 
Proof. We need to show the following diagram commutes. 

£nd{Q') > Uom'{Csg,C.ig) 

* i 

£nd{P') — > Horn* (A, A) 

Note that the inclusion i is induced by the functor ^E*. We may rewrite the above 
diagram in the following way: 



FORMALITY AND A DERIVED SPRINGER, CORRESPONDENCE 



27 



£:nd(Q*) 



f:nd(*(Q)*) 



7r2 



H*(£-nd(Q*)) 



H*(£:nd(*(Q)*))) 



Note that ^E* is a chain map £nd{Q') — > £nd{P'). The differential on £nd{Q*) is 
given by dQf fdg. After we apply we get ^'(dQ)*(/)-(-l)"«'(/)*(dQ). 
Since ^'(c?q) — dp, we have that 

*(rfQ)*(/) - (-l)"*(/)*(rfQ) = dp^if) - (-l)"*(/)dp, 

which is exactly what we get when we apply the differential of £nd{P*) to 

Let / e £nd((3')". Let / denote the cohomology class determined by /, i.e. 
i o 7r2(/) — ^'(/). We want to compare this to ^'(/). 



^(/) - *(/) = *(/) + Irn{dp) - *(/ + Imidg)) 

- *(/) + /m(dp) - - *(/m(dQ)) 

= Im{dp) 

since 5'(/m((iQ)) C Im{dp) since ^'dg dp^*. Of course, Im{dp) = in 
H*(£nd(P')). □ 

Lemma A.9. The functor t : D^ gp^(A/') 2?'^s(q^[^]^h^(^)) (^a^^f /jence 
£ : D^_gp^(7V) ^ 2?'^s(£:nd(P*)); is triangulated. 

Proof. We denote by tti*, 7r2*, and the restriction functors defined in ^ 
10.12.5] induced by the corresponding dg-ring homomorphisms. Lemma lA.SI implies 
that the following diagram commutes: 



D 



G.Spr 



TTl* 



7r2, 



.[W^]#H-g(^)) 



Now, since tti* and 7r2* are equivalences, the following diagram where we replace 
them with their inverses also commutes. 



D 



G.Spr 



c 



V'^<'{£nd{P')) 



V^^iSndiQ')) 



7r2 



[w]#}i'Gm) 



Thus, we have that the outer diagram commutes, where C = tt^ o C and Cog = 
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D^G.Sp.(A/') > 0"^(Q.[W^]#H*g(,^)) 

D^,.(^) — — — > v^^'cxm) 

Suppose L M — > — > is distinguished in sp^iJ^)- We need to show 
that the triangle £L — > CM — > CN — > >Ci[l] is distinguished. Note that the 
triangle C,gg^L C,gg^M Csg^N -> £ag^L[l] is distinguished since is 
a composition of triangulated functors. By commutativity of the above square, 
this implies the triangle i^LL — > i^CM — > i^CN — > i^,CL[l] is distinguished. By 
Lemma [A. 31 the functor reflects triangles. Hence, CL — > CM CN CL[1\ is 
distinguished. □ 
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